Introduction
The quasi one dimensional crystalline carbon structures called carbon nanotubes (CNTs) have attracted considerable attention of researchers in both experimental and theoretical communities. In the domain of physical research, the electronic properties of single walled carbon nanotubes (SWCNTs) are of great importance, particularly the electronic band gap. The band gap of SWCNT varies with application of magnetic field [1] , electric field [2] and mechanical strains [3] [4] [5] [6] . The nearest neighbor Tight Binding (TB) model, which Saito [7] used for calculation of the band structure, does not have enough accuracy and is applicable to a very limited range of wave vectors. Alternatively, a more accurate version of π-Tight-Binding (π-TB) can be applied by taking into account the interactions of the second and the third neighbors to a carbon atom while keeping the advantage of having an analytic formula for energy. The idea is originally contributed by Reich et al. and an agreement better than 4 meV with the ab-initio calculations is observed [8] . In this paper we have included the latter interactions to estimate the band gap variations due to application of uniaxial and torsional strains. It is known that the single walled carbon nanotube is made by rolling of a graphene sheet into a cylinder so that the beginning and the end of a lattice vector, so called chiral vector, C , join together. Fig. 1(a) shows the structure and chiral vector, where C is in the form of: 
where n 1 and n 2 are two integers andâ 1 andâ 2 are the unit lattice vectors. In the absence of strain, |â 1 
, where 0 is carbon-carbon bonding length and is approximately equal to 0.14 nm. The other vector which we use for our treatment is "Translational symmetry vector" and is given by [9] :
where GCD stands for Greatest Common Divisor. This vector is along the axis of the nanotube. It is obvious that C is the circumference of the nanotube and therefore T·C = 0. The chiral angle, θ , which is the angle between the tube circumference and the nearest C-C bonds, can be expressed in the following form [10] :
where 0 < θ < 30°. The three atoms on the inner most circle shown in Fig. 1(a) , are the nearest neighbors to the atom 0 and are numbered as 11, 12 and 13. The next six atoms on the middle circle, which are numbered as 21 to 26, are the second neighbors to the atom 0. Finally, the atoms on the outer most circle, which are numbered as 31, 32 and 33, represent the third neighbors to the atom 0. Fig. 1(b) shows the situation when the strain is applied. It can be seen that neither the nearest neighbor atoms, nor the second neighbor atoms and the third neighbor atoms be placed on the same circle.
Method
In this section, we employ tight binding equations and take into account the interactions of the nearest, second andthird neighbor atoms to obtain the energy equation under the above mentioned two types of mechanical strains. Using Fig. 1(b) we can show that:
where R is the position vector of the atom ij and R 0 is the position vector of the atom 0. It is shown in Fig. 1(a) that two atomic sites make a unit cell of the graphene lattice which are called A and B. Having this in mind, we can solve the tight-binding equation for the graphene lattice. Tight-Binding (TB) is based on considering the wave function of the electron as Linear Combination of Atomic Orbitals (LCAO) [11] . In the π-TB approximation, which we apply for solving the problem, we take into account the two p orbitals centered at the two atomic sites A and B. This is because mixing of π (2p ) and σ (2s and 2p ) orbitals due to curvature is small especially for SWCNTs of moderate and large diameters [7, 9] . Therefore, we treat graphene as having one conduction electron in 2p state. If A denotes an atom in the lattice site A, and B an atom in lattice site B, then by the π-TB approximation we write:
where r is the position vector, 1 and 2 are the mixing coefficients for the two basis functions φ A and φ B , which are expressed as:
where N is the total number of unit cells in the lattice, R A and R B are the position vectors of atoms in lattice sites A and B, respectively, and χ( r-R A ) and χ( r-R B ) are the normalized p atomic orbital wave functions for atomic sites A and B. In (6a) the sum is taken over all A sites of the lattice and in (6b) it is taken over all B sites of the lattice. If we denote H AA , H AB , S AA , and S AB as:
then we can use (6a) and (6b) in conjunction with (7a) to (7d) to obtain: 
In the presence of strain, the hopping parameters change due to inequality of the bonding lengths between the atoms. So in the presence of strain, we introduce the hopping parameters γ 01 , γ 02 and γ 03 instead of γ 0 , which are given as:
To calculate (10) we need to write R 11 -R 0 , R 12 -R 0 , and R 13 -R 0 in perpendicular coordinate system of t ĉ wheret is the unit vector along the axis of the nanotube andĉ is its perpendicular unit vector around the circumference. Rewriting the position vectors in (t,ĉ) system enables us to use continuum mechanics relations for the strains. For the sake of simplicity, we denote R 11 -R 0 , R 12 -R 0 , and R 13 -R 0 by r 1 r 2 and r 3 , respectively. r 1 , r 2 and r 3 are shown in Fig. 1 
(b). It is clear thatĉ =
Hence, in writing r 1 , r 2 and r 3 in the t ĉ system, it is necessary to solve (1) and (2) forâ 1 andâ 2 , then replacingâ 1 andâ 2 in (4a) to (4c) yields:
then from the continuum mechanics we know that [6] :
where θ is the angle of shear, σ is the percentage of tensile shear. The subscripts and denote parts of r that are along the axis of nanotube and azimuthal direction (around the circumference of nanotube), respectively. Now, if we write new equations for r under strain using (11a) and (11b) in conjunction with (12a) and (12b), then we can write the following equations for the bonding vectors under the strain in the t ĉ coordinate system: 
It is apparent that ε 2 is not perturbed due to strain because it does not depend on bonding length. Thus:
Using (15b) we have:
Therefore, the overlap parameter, s 0 , which is introduced in (9a), now becomes s 0 = s 0 (r 0 / r ) 2 where:
We assume that the variation of the remaining hopping parameters due to the strain is negligible. This is because i) there is not a direct C-C bond between each atom and its second and third neighbors and ii) the distance between these atoms compared with the nearest neighbor atoms is far enough. To treat the band structure via tight-binding we know that:
We replace (5) in (18) and apply the common treatment of tight-binding the by multiplication of both sides of (18) by the conjugate of the two basis functions, and integrating and rearrangement of the final equations to obtain the most general form of the secular equation as the following:
Solving (19) for E(k) gives:
where:
Replacing from (8a) to (8d) in (21a) to (21d), we obtain the following equations for E 0 to E 3 :
where (k), γ (k), g (k), g γ (k), γγ (k), and (k) are as follows: 
where: Tab. 1. Note that we havek i ·â j = 2πδ (δ = 1 if i = j and 0 otherwise). So, an expansion in the direct lattice causes a contraction in the reciprocal lattice and vice versa. This makes the arguments of cosine terms in (23h) to (23j) to remain unchanged. Therefore, only the changes in the hopping parameters affect the band structure and so the band gap. Now, to use the results for SWCNT, it is necessary to apply the Born von-Karman boundary condition to (20) . This boundary condition is [12] :
Here is an integer that varies from one to N = 
Results
In this section, we investigate the effect of mechanical strain on the electronic band gap of single-walled carbon nanotube using the energy formulae derived in previous section. First, we show the validity of the work and its precision. We compare the results of this work with those of the nearest neighbor approximation and the four-orbital approximation as given in [6] (however, no analytic approach is available for the four-orbital TB). We applied the method and the results for three specimens of SWCNTs with different chiral vectors are illustrated in Fig. 2 . Fig. 2(a) shows the energy gaps when the uniaxial strain is applied. The tensile strain in the range of -3 percent to +3 percent is applied. The effect of strain is calculated by the three types of tight-binding approximations including: the nearest neighbor π-TB, the third nearest neighbor π-TB and the four-orbital TB. The method is applied for the case of torsion and the results are shown in Fig. 2(b) . The figure shows that the results of the three methods are in a good agreement with each other, but in most of the cases the results of the third neighbor are in a better agreement with that of the four-orbital TB.
Next, we apply the method to SWCNTs with different chiral vectors under torsional and small percents of uniaxial strains and the results are illustrated in Fig. 3 . As can be seen in the figure, the values of band gaps under strain vary linearly with the percent of strain. For different chiral vectors, we observe different levels and gradients for lines of band gap. We observe that the sign of the gradients follows the "mod 3" rule which uses the reminder of the division by 3. This rule expresses that when (n 1 -n 2 ) mod 3 is equal to -1 the sign of the gradient is positive and when (n 1 -n 2 ) mod 3 is equal to +1 the sign of the gradient is negative. On the other hand, the shifts in the levels of the band gap lines with respect to the case of zero strain correspond to the changes in the radii of SWCNTs inversely, i.e. the greater radius results in a greater shift in the band gap. The results of these investigations are illustrated in Fig. 3(a) . The magnitude of the slope of band gap versus strain increases with decreasing chiral angle, which agrees with that of [6] . For example the slope of chiral vector (6, 5) with θ = 26.95°is close to that of (8,7) with θ = 27.7°. It is apparent that these slopes are very different from that of the case (9,2) where θ = 9.8°. In order to verify our results, we compare them with densityfunctional results of Bogar et al. [13] for uniaxial stress and they are presented in Tab. 2. In this table the slopes of band gap variations per strain ( E ( ) ) are compared. The differences between the two method emanates from the fact that in 3 neighbor approach the effect of curvature is neglected while in the DFT (Density-Functional Theory) method, this effect is taken into account. Application of torsion changes the band gap as illustrated in Fig. 3(b) , where again oblique lines are observed. Shift in the level of band gap is again radius dependent; however, the sign of slopes in this case is opposite to that of the case of tensile strain. Also the magnitude of the slope again decreases with the increase of chiral angle. So far, we have investigated the small percents of strains. Now, we examine the cases of higher percents of strains. As illustrated in Fig. 4 for (7,0), (10,0) and (19,0) chiral vectors, an abrupt change in sign of E ( ) occurs as uniaxial strain increases. However, the energy formulae given in (20) to (23j) which are considered in conjunction with (24) are so complex that it makes the analytic interpretation of the change in the gradients very difficult. However, numerical assessments which are shown in Figs. 5(a) to (f) can be used to justify the results. Fig. 5(a) shows the band structure of SWCNTs of (19, 0) at zero percent of uniaxial strain. As shown in this figure, index of the sub-band which gives the edges of the conduction and valence bands at k = 0 is q 1 = 25. In this figure the next upper sub-band at k = 0 is q 2 = 12. As the uniaxial strain increases, the edges of q 1 and q 2 sub-bands at k = 0 become closer to each other, however q 1 still gives the edges of the conduction and valence bands as shown in Fig. 5(b) . Comparing Figs. 5(b) and 5(c) shows that at a small higher percent of strain the edges of q 1 and q 2 sub-bands become very close. As Fig. 5(d) shows application of 3 percent of uniaxial strain makes the edges of the q 1 and q 2 sub-bands nearly coincident at k = 0. It can clearly be seen that coincidence of the edges at k =0 occurs at the strain amount which is exactly equal to the strain amount at which E ( ) changes its sign;this it is shown in Fig. 4(c) for (19, 0) chiral vector. As the uniaxial strain increases further, the q 2 sub-band gives the edges of the conduction and valence bands. This case is illustrated in Fig. 5(e) . Fig. 5(f) shows the case of the uniaxial strain applied at 5 percent. As can be seen in Fig. 5 (f) the q 2 sub-band gives the edges of conduction and valence bands and the separation between the two sub-bands becomes more visible. From Figs. 5(a) to (f), it is also apparent that increasing the percent of strain, q 1 sub-band at k = 0 moves upward while q 2 moves downward. The same analysis can obviously be given for the changes of the sign of slopes of band gap variation in the cases of (7, 0) and (10, 0) chiral vectors to justify the results illustrated in Figs. 4(a) and (b) respectively.
Conclusion
In this paper we applied the third neighbor tight-binding approximation to analyze the effect of two kinds of strains on the band gap of single walled carbon nanotubes. An analytical formula for energy band structure is derived which gives a higher degree of accuracy if compared with that of the nearest neighbor tight binding approximation. A linear relation between the band gap variation and the small percentages of unixial strain is observed. The results also show that a linear relation between the band gap variation and the small degrees of shears exists. As the strain increases, an abrupt change in the sign of the gradient is observed. This is due to the interchange of sub-bands which stand at the edges of conduction and valence bands.
